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Abstract. We study the time evolution of a density matrix in a quantum me- 
chanical system described by an ergodic magnetic Schrodinger operator with 
singular magnetic and electric potentials, the electric field being introduced 
adiabatically. We construct a unitary propagator that solves weakly the corre- 
sponding time-dependent Schrodinger equation, and solve a Liouville equation 
in an appropriate Hilbert space. 



1. Introduction 

We study non-interacting quantum particles in a disordered background de- 
scribed by a one-particle ergodic magnetic Schrodinger operator. The system is 
taken to be at equilibrium at time t = — oo in a state given by a one-particle den- 
sity matrix, and the electric field is introduced adiabatically. The time evolution 
of the density matrix is then described by a Liouville equation. In this article we 
consider singular ergodic magnetic Schrodinger operators, the conditions on the 
magnetic and electric potentials only ensure that C^°(M. d ) is a form core for the 
magnetic Schrodinger operator, and prove that the Liouville equation can be given 
a precise meaning and solved in an appropriate Hilbert space. A similar result 
was previously obtained by Bouclet, Germinet, Klein and Schenker |BGKSj un- 
der stronger conditions on the magnetic and electric potentials that yield essential 
sclf-adjointness of the magnetic Schrodinger operator on C£°(R d ). 

We consider magnetic Schrodinger operators of the form 

H = H(A,V) := (-iV- A) 2 + V on H := L 2 (R rf ), (1.1) 

where the magnetic potential A and the electric potential V satisfy: 

(i) A e Lf oc (E d ;E d ), 

(ii) V = V+ - V-, where V± G L 1 1 oc (R d ), V± > 0, and V- is relatively form 
bounded with respect to A with relative bound < 1, i.e., there are < a < 1 
and j3 > such that 

{il>,V-tf>) <«(^,-A^)+/?|M| 2 . (1.2) 

H is naturally defined as a semi-bounded self-adjoint operator by a quadratic form, 
with C£° (M. d ) being a form core, and the diamagnctic inequality holds for H (cf. [S2"l 
Theorems 2.2 and 2.3]; although V- = in [S2], the results extends to V- relatively 
bounded as in (|1.2p by an approximation argument as in [L[ Proposition 7.7 and 
Theorem 7.9].). The usual trace estimates for Schrodinger operators hold for H (cf. 
|BGKSl Proposition 2.1]). 
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In a disordered background the system is modeled by an ergodic magnetic 
Schrodinger operator 

H UJ =H{A ul ,V UJ ):^{-iV - A,,) 2 + on L 2 (R d ), (1.3) 

where the parameter us runs in a probability space (f2, P), and for P-a.e. us we assign 
a magnetic potential A u and an electric potential Kj such that H u = ff(A w , VJ) is 
as in (jl.lj) . The ergodic system satisfies a covariance relation: there exist an ergodic 
group {r(a); a £ Z d } of measure preserving transformations on the probability 
space (f2,P) and a unitary projective representation U(a) of 7L d on L 2 (R d ) such 
that for P-a.c. us 

U(a)H u (t)U(a)* = H T{a)ul {t) and U{a) Xb U{a)* = X b+a for all a, b e Z d , (1.4) 

where Xa denotes multiplication by the characteristic function of the unit cube 
centered at a. It follows from ergodicity that (K,)_ satisfies (|1.2p P-a.e. with the 
same constants a and /?, and there exists a constant 7 such that 

£r (J +7>l. (1.5) 

At time t = —00, the system is in equilibrium in the state given by a one- 
particle density matrix £ w = f(H UJ ), where / is a non-negative bounded function 

( E ) 

with fast enough decay at infinity. At zero temperature we take £ w = = 
X(-oo,e f ] (-ffu), the Fermi projection corresponding to the Fermi energy Ep. A 
homogeneous electric field E is then slowly switched on from time t = — 00 to time 
t = 0. We take 77 > 0, let i_ = min {i, 0}, i+ = max{£, 0}, and set 

E(t)=e nt -B. (1.6) 

The dynamics are now generated, in the appropriate gauge (see |BGKS[ Sec- 
tion 2.2]), by the ergodic time-dependent magnetic Schrodinger operator 

H u (t) = HV - A u - F(<)) 2 + V U = G(t)H u G{ty , (1.7) 

where 

F(t) = / E( S )ds= (^+i + )E, (1.8) 

^ —00 

and G(i) = e iF W' x is a gauge transformation on L 2 (R d ). Note that H u (t) is almost 
surely a magnetic Schrodinger operator as in (jl.ip . Under this time evolution, 
Quit), the density matrix at time t, is the solution of the Liouville equation given 
formally by 

id t Qu,(t) = [H u (t), Quit)} g . 
Umt^-oo £ w (i) = 

We will give a precise meaning to this Liouville equation for an ergodic magnetic 
Schrodinger operator H u as in (| 1 . 3[) . and construct its solution. We will assume 



E {ikfc C^Xolla} < 00 for k = l,---,d, (1.10) 

( p \ 

where ||5||2 denotes the Hilbcrt-Schmidt norm of the operator S. (If = ft F 
where Ep falls inside a gap of the spectrum of H^, or £ w = f{Hj) with / smooth and 
appropriately decaying at high energies, then (|1.10|) is readily fulfilled by general 
arguments, cf. [GKlj . It also holds for = P^ E if the Fermi energy Ep is inside 
a region of complete localization by |GK2j .) 



THE LIOUVILLE EQUATION FOR MAGNETIC SCHRODINGER OPERATORS 



3 



The Liouville equation (|1.9|) was studied by Bouclet, Germinet, Klein, and 
Schenker |BGKSj under the stronger assumption that the magnetic and electric 
potentials satisfy the Lcinfcldcr-Simadcr conditions [LSj : 

(a) A G Lf oc (R d ;R d ) with V ■ A G Lf oc (R d ). 

(b) V = V+ - V- with V± G tf oc (M d ), V± > 0, and V- relatively bounded with 
respect to A with relative bound < 1. 

Under these conditions H(A, V) is essentially self-adjoint on C£°(R d ) |LS( Theorem 
3]. Letting 

H(t) = H(A + F(t), V) = (-»V A F(<)) 2 + V, (1.11) 

where F(t) is as in (|1.8|) . these time-dependent operators have the same domain: 
V(H(t)) = V(H) for all * G R, with V(A) the domain of the operator A. Bouclet, 
Germinet, Klein, and Schenker then used a well-known theorem due to Yosida [Yl 
Theorem XIV. 4.1] to solve the corresponding time-dependent Schrodinger equation 
by means of a unitary propagator, which plays a major role in their analysis of the 
Liouville equation. 

The common domain condition does not hold for the time-dependent operators 
H{t) in p. lip under the more general conditions given in (|1.1[) . But, as we shall 
see, we have a common quadratic form domain: Q(H(t)) = Q(H) for all t, where 
Q(A) denotes the quadratic form domain of the self-adjoint operator A. In view 
of (|1.5| . we may take H(t) > 1 without loss of generality. It then follows from the 
closed graph theorem that 

L(i, s) := H(t)?H(s)-? - I = H(t)^ (h(s)~^ - H(t)~^ (1.12) 

is a family of bounded operators on Ti for all t and s. 

We will prove an extension of Yosida's Theorem if the operators T(t, s) meet 
certain conditions. Before stating our theorem, recall that a two-parameter family 
of unitary operators U(t,s) on a Hilbert space TC, s,t G / C R is called a unitary 
propagator if it satisfies 

1) U(t,r)U(r,s)=U(t,s), (1.13) 

2) U(t,t)=I, (1.14) 

3) U(t, s) is jointly strongly continuous in t and s. (1.15) 

Theorem 1.1. Let T§ C R be an open interval and 7i a Hilbert space. Suppose 
that for each t G Tq we are given a self adjoint operator H(t) > 1 on TL such that 
its form domain Q(H(t)) is independent of t: there exists a dense subspace Q of 
TL such that Q(H(t)) = Q for all t G Iq. Suppose that for some closed subinterval 
Iclo the following holds for all if G TL: 

a) Tz-T(t, s)(f is uniformly bounded and strongly continuous for all t,s(t ^ s) 
in T. 

b) The limits 

ri(«)<p := ftmt\ u ^T(t,u)ip and T 2 (u)ip := lim sTu ^T(u, s)tp (1-16) 
exist uniformly in u G T with T\(u) + ^(u) = 0. 
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Then there exists a unique unitary propagator U(t, s), t,s € I, such that 

U(t,s)Q = Q, (1.17) 

id t {(p,U(t,s)ip) = (H(t)i <p,H(t)*U(t,s)i>) for all (p,i> e Q , (1.18) 

id s {(p,U(t,s)ip) = - (H(s)i U(t, s)*tp,H(s)i i/;) for all cp,tp e Q . (1.19) 

Related results for a time-dependent Hamiltonian with a time-independent form 
domain can be found in [Kj Theorem 8.1] and |S1[ Theorems 11.23, 11.27]. 
Theorem 11.11 is exactly what we need in view of the following theorem. 

Theorem 1.2. Let H(t) be given in (fj~TT|) with A and V as in (jl.ip . adjusted so 
H(t) > 1. Then the form domains Q(H(t)) are independent oft: 

Q{H(t)) =Q:= Q(H) for all t e M. (1.20) 

Moreover, T(t,s), defined in U.lty) , satisfies hypotheses a) and b) of Theorem ] 1. 11 

To give a precise meaning to the Liouville equation (|1.9|) we need to introduce 
normed spaces of measurable covariant operators, which we briefly describe here. 
We refer the reader to |BGKS[ Section 3] for background, details, and justifications. 
We assume the setting of (|1.3|) - (|1.4|l ; given TL = L 2 (R d ), let TL C denote the subspace 
of functions with compact support. We set C = C(TL C ,TL) to be the vector space 
of linear operators on TL with domain TL C , and let /C mc be the vector space of 
measurable covariant maps A: D, — > C, u> i— ► A u . Throughout the article, we 
simplify the notation and write A = A u . We also identify maps that agree P- 
a.e. The map A u is measurable if the functions lj — > (ip,A^(p) are measurable 
for all ip G H c , and A^ is covariant if it satisfies ()1.4j) . A^ is locally bounded 
if ||A^Xx|| < oo and ||xxAj|| < oo for all x £ Z d , and we denote by JC mc ,ib the 
subspace of locally bounded operators. If A u e K, m c,lbi then T)(A* U) ) D TL C , and we 
set Aj*' := A u | . 

We introduce norms on K, mc ^b, given by 

«|AJ^=E{tr{xoWxo}} for i = 1,2, ffl^lL : = II ll>M lk-(n,F), (1-21) 
and define the normed spaces 

IAJ\. < oo}, 1 = 1,2,00. (1.22) 

/Coo is a Banach space, /Ci a normed space with closure K\, and /C2 is a Hilbert 
space with the inner product 

((A,,S W )) :=E{tr{(A,Xo)*5 w Xo}}. (1-23) 

We consider the following linear functional on the space K\\ for A^ € /Ci, 

T(A W ) :=E{tr X oA,Xo}. (1-24) 

Since |T(A W )| < HA^I^, T is well-defined on K,\. In addition, T is the trace per 
unit volume due to the Birkhoff ergodic theorem |BGKS( Proposition 3.20]. 

The spaces K%, i = 1,2, are left and right /Coo-modules. We define left and right 
multiplication for B u G /Coo and A w g /Ci or /C2 by 

Q L A^ = B U A„ , A w Or B^ = (b* Q l Aj) = Aj*B u , (1.25) 

and set 

U(t,s)(A u ) :=U u ,(t,s)Q L A u3 Q R U u (s,t) for A u 6 /Cj. (1.26) 
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Li(t, s) leaves JCi invariant for i = 1, 2, oo (See Proposition 14. ip . 

We will show that the Liouville equation (| 1 . 9|) can be solved in a weak sense in 
the space K.2- We let Q(°> denote the subspace of K-2 given by 

Q (0) = {A u g lC 2 \H3A u ,H3Al G /C 2 } = {A u g ACa| ^(i)^,^)^* G /C 2 } 

(1.27) 



for all tgR. (We refer the reader to Section 4.1 - especially Propositions 14.21 and 
14.31 - for the argument that Q^ ' does not depend on t.) The quadratic forms Ml, 
Mr, and L are defined on Q(°> as follows: 

MlMu^B^) = {{H u (t)iA«,H u {t)iB u )) , (1.28) 
H Rit (A,,5u,) = f^C*)*^*,)) , and (1.29) 

U = M L ,t - M R , t . (1.30) 

Recall that = f(Hj) with / real and bounded. We assumed ()1.10p . which 
implies [x k , Ca>] G ^2 for all k = 1, 2, . . . , e£, the condition used in [BGKSj . We set 

Ut) = f(H u (t)). (1.31) 



Theorem 1.3. Let be the ergodic magnetic Schrddinger operator in (|1.3|) - (|1.4|l . 
adjusted so H u > 1, and Zet H u (t) be as in (jl.lip . Lef fre as above satisfying 
(fTTU)) . T/ien, 

ft„(*):= hm W(t, «)(&,) = lim W(t, «)(&(*)) (1-32) 

S — ►— OO S — ► — OO 

= £,(*)-*/ dre" r -W(i,r)([E-x,Ca,(r)]) (1.33) 



is weiZ defined in K,2- Moreover, p^{t) G Q^ ', and if is f/ie unique solution of the 
Liouville equation in the following sense: for all A u E Q*- - 1 we nave 

idtdA^, Q u (t))) =h t (A UJ ,Q UJ (t)) „.-. 
Iim^-ooftA,, &,(*)>> H(A>,C->) ' 1 j 

We will actually prove a stronger version of Theorem 11.31 (cf. Theorem 15. ip . 

2. The extension of Yosida's Theorem 



In this section we prove Theorem ll.il We assume throughout the section that 
H(t) and T(t, s) satisfy the hypotheses of Theorem ll.il 

We define unitary operators Uk(t,s), k = 1,2,..., and s,t G I, a closed subset 
of R as follows: 

U k (t, s) = e -i<.t-a)B{m+£j±) for m + l_L < s < t < m + |, (2.1) 

t, s G I, m G Z, j = 1, 2, . . . , k, 
Uk(t,r) = U k {t,s)U k {s,r) for s < r < t G X , (2.2) 
f/ fc (i, s ) = J7 fe (s, t)* for all s, * G X. (2.3) 

Lemma 2.1. For all k = 1, 2, . . . and aZZ s,t E X, 

W k (t,s) :=H(t)iu k (t,s)H(s)-i (2.4) 
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is well defined as a bounded operator. In fact, 

\\W k (t,s)\\ < (1 + ^) 2 e M ^~ s \, (2.5) 

where 

Mj := sup |t-s| _1 ||r(<,s)||. (2.6) 

Proof. Proceeding as in [Yj Theorem XIV. 4.1], we can write Wk(t, s), using (|2.1[) - 
(|2~3|) . as follows: 

W*(t, a) = (r (t, M) +l){u k (t, s) + W k W(t, s) + W k W(t, s) + ■ • • } 

x (r(fei )S )+j), (2.7) 

where for s < t 

[kt] 

W k {l) (t,s) = J2 U k {t,u)T(u,u-l)U k (u,s), (2.8) 

ku—[ks]-\-l 

[M] 

W k (m+1) {t,s)= U k {t,u)V{u,u-l)W k ^\u,s), (2.9) 

ku— {ks]+m+l 

and for s > t 

[ks] 

W k {1 \t,s) = Y U k (t,u)T(u-l,u)U k (u,s), (2.10) 

ku=[kt]+l 
[ks] — m 

W k ( m+1 \t,s)= Yl U k (t,u)T(u-^u)W k {m) (u,s). (2.11) 

ku=[kt] + l 

In both cases, we see that is bounded for each k with the following bound: 

\\W k ^\t,sM<^MrM, 771 = 1,2,..., (2.12) 
so follows from (gT]) and (HQS}. □ 

Lemma 2.2. TTie unitary operators U k (t, s), t, s (zT, converge strongly as k — > oo 
to a unitary propagator U(t,s). That is, 

U(t,s)^ = lim U k {t,s)i> fort,seI (2.13) 

— ►OC 

defines a unitary propagator, the convergence being uniform on ift £ 7Y. in addition, 
for j = l,2,---, 

W k U) (t, s) W [j \t, s) strongly for t,s£T, (2.14) 
where W^\t,s) are bounded operators given by 



W {1) {t,s) = J duU(t,u)r 2 (u)U(u,s), (2.15) 
W (j+1) (t, s) = f duU(t,u)T 2 (u)W u \u,s). (2.16) 
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Furthermore, for all t, s £ X, we have that 
lim W k (t,s) = U 

k — *oo 

H(t)?U(t,s)H(s) 



W(t,s)= lim W k (t,s) = U{t,s) + W {1) (t,s) + W {2) (t,s) + ■ ■ ■ (2.17) 

k — *oo 

(2.18) 



the limits being in the strong operator topology, is a bounded operator, weakly con- 
tinuous in t on H{s)zQ for s < t and weakly continuous in s on H(tpQ for s> t. 

Proof. We will prove the lemma for s < t, the case s > t being similar. We first 
prove pTT3|) . By construction (cf. (|2"7[ ) -([2"72" ]) ). we have U k (t,s)Q C Q. Since 

U k (t, s) = U k (t, Bf) U k (B$,s)= exp (_i (t-Sf)H (M)) Uk (™ s ) , 

(2.19) 

it follows that U k (t,s) is jointly strongly continuous in t,s G I, and U k (t,s) is 
weakly differentiable in t (t ^ on Q in the following sense: for ip,tp € Q, 

Wt{tp, U k (t, s)i>) = (^H (M) %, H (%f) 1 U k (t, s)i>\ . (2.20) 

Fixing so £ X and writing ip = H(sq)~^ (p, ip = H(so)~^ip, with ip, ip <G TL, we get 



id t (<p, U k (t, s)1>) = ( H (M) 3 H(s )-^,H (M) 5 t4(;, s )lf( So )-^ 



= r 



(¥ > s °) + 7 ) ( r (¥ > *) + 7 ) W k (t, s) (r (s, So ) + 1) 1>) ■ (2.21) 

Hence, by hypothesis a) of Thcorcm ll.ll and Lcmma l2~Tl id t (<p, U k (t, s)tp) is bounded 
and is (piece- wise) continuous in t for t ^ & . Moreover, the same argument repeated 
for the other variable (i.e., for s) gives, with ip,ip 6 Q, 



(2.22) 



id s (p, U k (t, s)iP) = — (H (M) 3 Uk{t , S ) V , H (M) ^ j>\ , 

and that id s (ip, U k (t, s)ip) is bounded and continuous in s for s ^ j-. 
Thus, one may easily compute that 



(V,(U k (t,s)-U n (t, s))V) 
ri 



4- (ip ,U n (t,r)U k (r,s)H(s )-H) dr 



(2.23) 
dr 



IM # (M) 3 tf n(t) r) v , r (M r ) ^ fe (r, S )r ( S , So ) V ) 

(M) 3 [/„(*, r) V , r (M, f (Mr) ^ fc (r, s)f (s, s ) #\ dr, 



if 



where we used r := T + I. By 



/ [kr] [jir] \ 
\ k ' "~rT J 



we have 

< 



[fcr] 



Mj, 



(2.24) 



and by Lemma 1 2. 11 



< (at, 



)+/ )W„(r,t) (r (r,s Q ) + I)p 



[ml _ / 


+0 


n 
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Since T (j^r,r^ ^(s, sq), and W k (r,s) are all uniformly bounded independent of 
r, s, and k, and since 

\\(U k (t,s)-U n (t,s))^\\ = sup \((p,{U k (t,a)-U n {t,a))i>)\, (2.26) 

v>eQ,\\<p\\=i 

we see that U k (t,s)tp converges uniformly on Q for s < t, s,i G X. Since U k {t,s) 
is uniformly bounded, the limit in (|2.13| exists uniformly on TL for s < t. It is a 
simple exercise to show that (|2.20j) and (|2.22|) also hold for the case s > t. Thus, 
(|2.13[) holds for all t, s £ I, and we conclude that U(t,s), t, s £ X, is a unitary 
propagator. 

We can prove (|2. 14|) for s < t as follows. Recalling (|2.8j) . one can easily see that, 
given tp £ TL and letting k — » oo, we get 

\Wl 1] {t lS )v- / duU(t,u)r 2 {u)U(u,s)tp\ (2.27) 

J s 

< sup \\U k (t,u)kT(u,u—l)U k (u,s)ip — U(t,u)T 2 (u)U(u,s)(p\\\t — s\ 

\u-v\< \ 

+ sup \\U(t,u)T 2 (u)U(u,s)(p-U(t,v)T 2 (v)U(v,s)ip\\\t-s\ -* 0, 
l"-f|< ^ 

using (|1.15|1 . (|2.13[) . and the hypotheses of Thcorcm ll.il (For ,s > t, we simply use 
Ti = — IV) Hence, using induction and (|2.9p . one can show (|2.14[) for all j and for 
alls, tel. ([2~T7)l now follows from (21} and (|2~T2|) . 

It remains to prove that that W(t, s) for s < t is given as in (|2 . 1 8[) and that it is 
weakly continuous in t on H(s)^Q. Note that for all <p £ Q, we have 

fl-(i) ^ U k (t, s)p = W k (t,s)H(s)?tp^W{t,s)H(s) ?<p (2.28) 

Since H(t)i is closed, it follows that U(t, s)ip £ T>(H(t)^) = Q, and for all ip £ Q, 

H(t)^U(t, s)ip = W(t, s)H(s)5tp. (2.29) 

Letting tp = H(s)~^ip in (|2.29p with ip £TL, (|2.18p now follows. By hypothesis o) 
of Theorem ll.il we also note that H(t)^ip is continuous in t £ X for each ip £ Q. 
To see this, if t' G 1 and ip = H(t')~iip £ Q, then 

(H(t)% - H(t')^ ip = (H(t)? - H(t')^ H(t')-^ip = r(t,t')i> -> (2.30) 
as t — > t' . Thus, given ip, t/j £ Q, and setting ip = H(s)^(p, we see that 

{1>, (W(t, s) - W(t', a)) ip) = (i>, (H(t)iu(t, s) - H{U)*U(t , s))tp) (2.31) 
= ((F(t)i - H(t')^, U(t, s)ip) + (H(t')h, (U(t, s) - U(t', sj) <p} -+ 
as t — > t' by (|2.29p - (|2.30p and the fact that U(t, s) is a unitary propagator. □ 



We now present a proof of Theorem ll.il In the proof, [k] will denote the largest 
integer less than or equal to k. 
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Proof of Theorem \l.l\ Since idt(<p, U k {t, s)?p} is bounded and (piece- wise) continu- 
ous in t for t 7^ j- by (|2.2ip . which holds for all t, s £ X, we have 

i [(ip, U k (t, a)$) - (if, U k (r, s)V>] = jf (h (Sfj 3 if, H (M) 3 U k (l, s)A dl. 

(2.32) 

Since H(l)* is strongly continuous in I (by (|2.30|1 ). it follows from (|2.17|) and (|2. 18|) 
that the integrand in (12.321) converges as k — ► oo: for p, ip £ Q, 

H (M) * tp, H (M) h U k (l, a)i>\ -> (H(l)i<p, W(l, s)H(s)h) . (2.33) 

Taking limits on both sides of (|2.32|) yields 

lim i [(ip, U k (t, a)ip) - (<p, U k (r, s)ip)] (2.34) 



k — >oo 

ft 



H(l)$tp, W(l, s)H(s)* V') dl = J (H(l)^p, H(l)iu(l, s)^) dl, 

first equality being justified by (|2.33| and dominated convergence, and the last 
equality by (|2.29[) . Since W(l, s) is weakly continuous in I on H{s)^Q (by Lemma l2~2f 
and H(l)z is strongly continuous in I, the integrals in (|2.34[) are well-defined. .Thus, 

i {(p, U(t, - (<p, U(r, s)V>] = J dl (H(l)i<p, H(l)?U(l, s)V>) (2.35) 

by (|2.13p of Lemma 12.21 and, therefore, 

id t (cp,U(t,s)ip) = (H{t)*<p,H{t)*U{t,s)-tp\ for aU tp,ip £ Q. (2.36) 

A similar proof, using (|2.22p . yields, for all i, s £ X , 

id s (p,U(t,s)i>) = - (H(s)$ U*{t,s)tp,H{s)^ v) for all tp,ipeQ. (2.37) 

We now show the uniqueness of the solution of (|1.18[) - (|1.19p . Let U(t,s) and 
U(t,s) be two propagators satisfying (|1.18|) - (|1.19[l . Then, for all ^,-0 £ Q, 

id t (<p,U{s,t)U{t,s)ip) (2.38) 
= /-ff(s)3 Z7(t, s)V, #00* ^(*, s)^) - Z7(t, s)V, H{s)* U{t, s)i^j = 0. 

Thus, U (s, t)C7 (i, s) is constant in i, and letting t = s, we see that £/ (s, t)U(t, s) = I, 
so U(t,s) = U(t, s). □ 

3. The time-dependent magnetic Schrodinger operators and the 
common quadratic form domain 

In this section, we let H(t) be given in (jl.lip with A and V as in (jl.lj) . adjusted 
so H{t) > 1, and prove Theorem 11.21 

Proof of Theorem{TM In view of (EI]) and (fTTTT|) . 

Q(H(A, V)) = Q(H(A, V+)), and (3.1) 
Q(H(A + F(t), y)) = Q(ff (A + F(t), V+)). (3.2) 
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Thus, to prove the first part of the theorem, namely (|1 .20|) . it suffices to show 

Q(H(A, V+)) = Q(H(A + F(t),V+)). (3.3) 

Let qA denote the quadratic form associated with the operator A. Given <p, ip € 
C£°(R d ), we note that 

q H{t) (cp, V) = ((-iV A F(t))cp, HV A F(t))ip) + (<p, Vip) 

= q H {<p,^)+S t {ip,ij), (3.4) 

where 

5t( V , V) = (-F(%, - A)^) + - A)^,-P(t)V> + (F(%,F(t)V) 

= -2Re(p,F(t) ■ (-iV - Aty) + |F(t)| 2 (^}. (3.5) 

Since St (fitp) is a symmetric quadratic form and 

IS^.lfOI < 2(1 |M|)(<S ||F(t) • (-iV - A)V,||) + |F(t)| 2 ||V,|| 2 

< <5 2 |F(i)| 2 ||HV - A)^|| 2 + (£ + |F(i)| 2 ) II^H 2 (3.6) 

by the Cauchy-Schwarz inequality, we have, for suitable S (e.g., take S 
and set a := S 2 \F(t)\ 2 = \ < 1 and [3 := £ + \F(t)\ 2 = 3|F(t)| 2 ), 



l 



V2\F(t)\ 



\S t (i>,i>)\ < aq HiA>0) {i>,i>) + < aq H{Ay+ 0,i>) + (3.7) 

for all ip G Q(H(A, V+)) and < a < 1. It follows from [RS2| Theorem X.17] that 
Q(H(A + F(t),V+)) = Q(H(A, V+)), and this proves 1(01)1 . 

To finish, we prove that r(i, s), given in (11.121) . satisfies hypotheses a) and b) of 
Theorem ll.il Given tp,ip <G Q, it follows from (|3.4p that 

te(t) V) - fe W fa, ^) = (F(i) 2 - F(s) 2 ) V) - 2 fa, (F(t) - F(s)) • Di>) , 

(3.8) 

where D = D(A) is the closure of (— iV — A) as an operator from L 2 (M. d ) to 
L 2 {M. d ;C d ). Thus, letting ip = H(s)-?(p,ip = H(s)-^ip with p,^eH, we have 

C(t,s) := H(s)~?(H(t) - H(s))H(s)-* (3.9) 
= H(s)-^(F{t) 2 - F(s) 2 )H(s)-^ - 2H(s)~i {F{t) - F(s)} ■ F>H(s)-i. 

Since F(t) G C 1 (K; R d ) and DiH < C* Qi(3 with C a>p a constant jBGKSl Propo- 
sition 2.3 00], we have that C(t, s), H(s)iC(t, s), ^C(t, s), and -±-H(s)?C(t, s) 
are all uniformly bounded in norm for t,s (t ^ s) in I. Let 



Nx ■= sup 

t,s£T,t^s 



(t-s)" 1 J ff(s) = C(t,s) <oo. (3.10) 



In addition we have that s i— > -ff(s) 2 is continuous in norm. Indeed, by the 
so-called Dunford- Taylor formula, we have 



- ff(t)-*) = i r °° A-i {(H(s) + A)" 1 - + A)" 1 ) dX (3.11) 
= ± / °° A"* (ff(t) + A)" 1 £T( fl )*C(t, s) + A)" 1 dX. 
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Since H(s)iC(t, s) -> in norm (as t -> s) by ([53D]) . and + A) -1 and 

(H(s) + A) 1 are uniformly bounded for t, s £ X with 

2T(f)* (H(t) + A)" 1 < ^ , and (H(s) + A)" 1 < ^ , (3.12) 

where Cq being a constant, the claim now follows. 

Now, (|3T5|) . together with norm continuity of H(s)~i and F(i) € C X (R; also 
shows that C(t,s), H(s)?C(t,s), jz^C(t,s), and jz^H{s)^C{t, s) are all jointly 
continuous in norm for t, s (t ^ s) in X. Furthermore, 

C(s) :=]im-r^C(t,s) (3.13) 

t\S 

= 2H(s)-?F'(s) ■ F(s)H(s)-i - 2H(s)-?F'(s) ■ T>H(s)~i 

exists boundedly (in norm). 

With (|3~T0l) and (|3~12|) . we now have 

i / °° \-iH(t)$ (H(t) + A)" 1 H(a)*C(t, s)H(s)? (H(s) + A)" 1 <pdX 

<Ur x ^-{^h) 2 ^\t-s\y\\d\ = Cx\t-a\M, (3.14) 

where C x = %Nj f™ X~iQ < oo. Therefore, from ([1X2)) . (j3~TTj) . and (j3~Tl)) . 

r(t,% = ff(i)i(ff(s)-i-JT(i)-i) V (3.15) 
= i / °° A-*iJ(*)i (tf(t) + A)" 1 F( S )iC(t, s) H(s)i (H(s) + \y\d\, 
and this shows that, for each ip £ 7i, 

||j^r(i,s)<^|| < Cx|M| for all t, s £ X, {t ^ s). (3.16) 

To show strong continuity of j=^T(t, s), let us set T x (t) := H(t)i (H(t) + A)" 1 . 
By (|3.12|) , T\(t) is uniformly bounded in t for all A > 0. To see that T\{t) is strongly 
continuous on H, let ip £ Ti and note that 

(T A (i) - r A (f )) v = {^(t) 1 + A)" 1 - ff(t')* (#(*') + a) _1 | 

= -H(t')i) H(t')-^}H(t')i (H^ + Xr 1 ^ (3.17) 

+ [H{t')i {H(t') + Xy 1 H{t r )^ C(t', t) Hit') 1 - (H(t) + Xy 1 ip (3.18) 

as t -> t' , (3.19) 

where ([3TP7]) goes to by (|23|) (applied twice) and (f3~T2"]) , and (j3~T%)) goes to by 
(EU), (j3~T2"j) . and the fact that F(t) £ C 1 (R;K d ). 
Thus, from (j3TT5)) . 

^r(t, S V = i/ oo A-4T A (i){^( S )4C(t, S )} T\(s)(p e?A, (3.20) 

and since jzr^H(s)^C(t, s) is jointly strongly continuous for t,s (t ^ s) in X, (|3.19[) 
concludes that T(i, s)(p is also jointly strongly continuous for t, s (t ^ s) in X. 
This shows hypothesis a) of Theorem 11.11 
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It now follows from l[3"T3j) . (pUB]) . (j3T9]l . and ([3T20]) that 

:= lim 7^r(t, u)ip (3.21) 

= -7 io°° (JT(u) + A)" 1 ff(u)*C(u) JT(u)* (F(u) + A) -1 (^dA, 

the limit being uniform in u 6 I. Similarly, it follows from (|3.9[) . as in (|3 . 1 3[) . that 

C(u) :=\im ^C(u,s) (3.22) 

exists boundedly (in norm), and that C(u) = C(u). Therefore, it follows, as before, 
T 2 (u) := ]ha^T(u,s)if = -T^u), (3.23) 

8 \ U 

with the limit being uniform in ael This finishes the proof of the theorem. □ 

4. Quadratic forms on the Hilbert space JC 2 

In this section we define quadratic forms on IC2 in order to give a precise meaning 
to the Liouville equation (|1.34[) . Let and -ff^(t) be as in Thcorcm ll.3l For P-a.e. 
u> we let Uuj (i, s) be the corresponding unitary propagator given in Theorem 11.11 
As discussed in Section [I] the spaces ICi,i = 1,2, are left and right /Coo-modules, 
with left and right multiplications defined as in (|1.25| . Wc state [BGKS, Prop. 4.7] 
without its proof. 

Proposition 4.1. For each i = 1,2, 00, let 

U(t,s)(A u ,) = U ul (t,s)Q L A ul Q R U u (s,t) for A^elCt. (4.1) 

Then Uit, s) is a linear operator on /Cj, i = 1, 2, 00, with 

U(t,r)U(r,s)=U(t,s), (4.2) 

U{t,t) = I, (4.3) 

{W(i,s)(A;)} t = U{t, s)(Al). (4.4) 

Moreover, U(t,s) is unitary on JC2 and an isometry in KL\ and K.^; it extends to 
an isometry on JC\ with the same properties. In addition, U{t, s) is jointly strongly 
continuous in t and s on JC\ and K,2- 

4.1. The operators TCl and Hr and their domains. Since U u (t,s) depends 
on the electric field E, let 

UUV = 0,t lS ) = U^(t-s) : = c -*(t-s)^. (4.5) 
For E = 0, we consider 

U^(t)(A u ) := U<®(t) ©l A, R tf<°>(-t) for A u e AC Q . (4.6) 

It turns out U^\t) Ql A u is a strongly continuous semi-group on K2] there is a 
self-adjoint operator Hl on JC2 such that 

= ff<°>(t) Q L A^ = e~ itH « Q L A u (4.7) 

with a domain T>{TLl). Similarly, we define H-l(s) by 

e -itn L (s) Au = e -UH u (s) Ql (4 g) 

Note that 'Hl,'Hr,'Hl(s), and Hr(s) > 1 since > 1. 
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Let Q (t) be the strongly continuous unitary group on IC2 given by (cf. [BGKS , 
Lemma 4.13]) 

Q(t){AJ) := G(t) A u G{t)*, where G(t) = e^'*; (4.9) 
if G IC2 with [xj, G K% for j = 1, 2, • ■ ■ , d, then 

d t G(t)(A u ) = i[E(t) ■ x,Q{t){A u )] = iG(t)([E(t) ■ x, A u }). (4.10) 

Since 

e -«ff„(.) = ( e -*fl») = G(s)e- l *^G(.s)*, (4.11) 

it follows that 

H U {8) = G{8)H»G{8)\ (4.12) 

and 

g(s) (e- itW M w ) = (e"^ Q L A„) = G(s) (e"^) L g(a) (A u ) 

= e- itH »M Q L G{s) (A u ) = e- im ^Q(s) (AJ) . (4.13) 

This shows 

e -itH L ( S ) Au = g (s) (e-^ L g {s y {A ^ ) (4 M) 

and thus 

Wl(s) = S(s)Wl £(*)*• (4.15) 

Recall that H^t^A^ G /C 2 if A W W C C and H^t^A^ : U c -► H is 

in /C 2 - Let 

2?i 0) := {A, e/Cal^i^ e /C 2 } , T>f\ := [a u G K 2 \H u (t)^ A u G /C 2 } . (4.16) 

Proposition 4.2. p[ 0) and 2?^ are operator cores for H.l 2 and 7ii,{£) 2 , respec- 
tively, for all t G R. Moreover, 2?[ 0) ( = 2?[ 0) and V(H L (t)^) = T>(H L ?) for all 
t G K. 

Proo/. Wc first show that X>[ 0) C V(H L *) and 

W^A^-ff^A, for all A; G V^. (4.17) 
Indeed, if tp G 7i c and A G T>^ > then as i — > 



2 

t 

for all y G 7i c • Thus, on account of (|4.7 



e"*"" (4-18) 



Similarly, 2?^ C V(H L (t)?) and 



= lim J ( e - rf ^ s -l)4=if u t4 u . (4.19) 



H L (t)^A u = H u (t)*A w for all A G X>g. (4.20) 
We now show that 2^°] is dense in T>(H L (t)^); that 2?^ 0) is dense in V(H L ^) can 



be shown similarly. Let A G V(TiL(t) 2 ) and := /„ yH^^t) 2 J Ql Ai where 
{f n } is a sequence of smooth, measurable, and compactly supported functions that 
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converges to 5, the delta function. Then, B nMJ G \ and B n ^ — > 
n — ► oo. Moreover, 



in /C 2 as 



(4.21) 



To conclude that is a core for 7Y £ (t) 2 , it suffices to show that (see [RS11 
Theorem VIII. 11]) 



isH L (4)^(0) 



°i t c ^ii for a11 s e 



Since 



(4.22) 
(4.23) 



given i3 w G we note that 



e isH ^ h B u H c = L isH ^ L 5^ H c = e isH "^ h B u H c C V(H u (t)*). (4.24) 
Moreover, we have 

#o,(*)^ sWi «* B u = H u (t)*e UB '>W i B u = e isH ^ h H u (t)^B u G /C 2 . (4.25) 

The desired (|4722]) follows from (|4T24|) and (|4~25]) . Similarly, 2?^ 0) is a core for 7Y L 5. 

If ^ G 2?£°\ H^(t)^A u is well-defined on 7i c by Theorem 11.21 Moreover, in 
view of (031 . (j3T4l -(l33D. 

((fMtJ^fl^t)*^)) (4.26) 
= ((/J^^i^l^)) _ 2 Rc ((A,,F(i) -D4)) + |F(i)| 2 ({A^Au}) . 



Since ^ G V { °\ we have |F(i)| 2 ((A,, A,» = |F(t)| 2 < 00, 



((Hu? A u , H u 5 Au}) -- 
and by the Cauchy-Schwarz inequality 

<<A u ,F(i)-D^>)<|F(t)||||A4 



< 00 , 



ll^A^ 



< 00. 



(4.27) 



(4.28) 



This shows H LU (t) 2 A UJ G /C 2 and, hence, C 2?^- A similar argument shows 

that V [ ^ t C 2^ 0) , and we have V { ^ t = vf ] . 

To prove the last claim of the proposition, by (|4. 1 T[) and (|4.20[) we can use the 
arguments in (|4.26[) - (|4.28[) to show that, given a Cauchy sequence Au in /C 2 with 
A^ G V*l = T>f \ for all n, Hl" 1 A^ is a Cauchy sequence in /C 2 if and only if 
H-Lit) 1 A^ is a Cauchy sequence in /C 2 . Since T>^ is an operator core for both 
H L ^ and H L (t)* , we conclude that V(H L (t)^) = V(H L ^)- □ 

In a similar fashion, we define e~ ltHR A UJ := A^ Qr e ltH ^ anc i e~ lt7iR ^A u := 
Auj Or e ltHa, ( s ', where Tin > 1 and Hn(t) > 1 arc self-adjoint operators on V(TCr) 
and T>(Hn(t)), respectively, and let 

■= {A* G K 2 |tf Ja* G /C 2 } , 2?£> : = {A w g K, 2 \H u {ty-Al G /C 2 } . (4.29) 
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Recalling that J : A i— ► A* is an anti- unitary map on IC2, and that ()1.25p can 
be rewritten as A^ Or = J (B* ©z JAJ), we immediately have the following 
proposition. 

Proposition 4.3. We have JUlJ = Ur, that is, V(Hr^) = |x>(Wz,')}* and 

Hr^A^ = (n^Aiy for all A^ G T>(Hr$). (4.30) 

Similarly, JJih^t) J — T~tii{t) for all t. In particular, the appropriate modification 
of Proposition ^. 2\ holds for TLr 1 and Hr(£) 5 . 

4.2. The quadratic forms Hz,,, , Hz?,, , and L,. Setting Q(H L (t)) := V(H L (t)?) 

1 

and Q(H.R(t)) := V(Ti.R{t) 2 ), we define the following quadratic forms: 

B. L , t (A ul ,B u ) = ((H L {i)*A UJ ,H L (t)?B u; )) on Q(H L (t)) , (4.31) 
1&R,t(A< a ,B u ) = ((HR(t)*A 1l> ,H R (t)$B u )) on Q(H R (t)) , (4.32) 

where the inner product ((•,•)) on K% is as in (|1.23p . By Proposition 14.21 

Q(|L|) := Q(|L,|) = Q(H L (t)) n Q(H R (t)) , (4.33) 

and set 

\L t \(A u ,B u )=W Lit {A u ,B u )+WR tt (A u ,B u ) on Q(|L|) . (4.34) 

We remark that (|4.3ip . (|4.32j) , and (|4.34|) are all closed forms, and on Q(|L|), 

U Rtt (A u; ,B u; )=m Ltt (Bi,Ai) (4.35) 

by Proposition 14.31 and the fact that the map J : A u 1— ► Aj, is anti- unitary on /C2 . 
There is a continuous bilinear map o : /C2 x ^2 - * /Ci, defined by 

o(A,, B w ) := A a> oB u = A U B U for i.BG^n^. (4.36) 

Given A, B £ JC2 and C £ /Coo, it is shown in [BGKSl Lemma 3.21] that we have 

T(A u oB u ) = ((Al,B u )) , (4.37) 

T(A u oB u )=T(B u oA u ), (4.38) 

T((C U 0i4)oB u )= T{A W o {B u Q R C U )). (4.39) 

(T, the trace per unit volume, is defined in (|1.24[) .) We also recall |BGKS[ Lemma 
3.24] that, if B n>UJ is a bounded sequence in /Coo such that B nMJ — > B w weakly, then 
for all v4 w G /Ci we have 

T(B ntU1 Q L A u ) -^T(B U Q L A U ) and T(A, fl fl„, w ) T(A, © fl (4.40) 

Let us set 

q(0) . = P (0) n p (o) = G ^ 1 ff^)*^^)^* e /C 2 } . (4.41) 

where independence of Q^ ' in t is justified by Proposition 14.21 We also define L, 
on Q(|L|) by 

L t (A u ,B u ) :=W L , t (A u ,B u )-MR, t (A u ,B u ) (4.42) 

where definitions ()4.31[) - (|4.33j) are used here. Recalling (|4.1j) . we now show that, 
given Buj £ /C2, U(t, r)(B u ) is differentiable in both t and r. We state this result in 
the following proposition. 
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Proposition 4.4. Let A u G Q(\M) and G Q(°). The mapt ^Ufar)^) g /C 2 
is differ entiable in IC2 in t he following sense: 

i9t((4„U(t,r)(B u ))) =L t (A,,W(t,r)(B t „)). (4.43) 

Similarly, 

idrdB^Mifr)^))) = -K(U(r,t){B^),A^). (4.44) 
Proof. We first focus on (|4.43[) . Let us note that 

ift((i4 w> W(t,r)(B u )))=ift((i4 w> t^(t J r)0 £ B w 0KC^(r,*))) (4.45) 

= lim J((il B) (!7 B (i + ft,r)-^(t l r))0iB B J ,D' w (r,t))) (4.46) 
ft— >o a 

+ lim l/ u (*, r) 0£ -Bw 0fl(C w (r,t + ft) -I7 w (r, *)))). (4.47) 

ft— >0 /I 

Using (|Q7|) - (|Qg|) . we can first rewrite as follows: 

lim \ {{Au, (U u (t + h,r) - t/ w (i,r)} Q L B u Q R U u (r,t))) (4.48) 

ft->0 ft 

= lim ~ (( H L (to) *K , H L (to) - » {t/„ (t + h, r) - U u (t, r)} ^ (to) " ' ©l 
ft— >o n. 

©ii^io^A.Qftt^M))) (4.49) 

= lim \J (n L (t y^{UUt + h,r) - U u (t,r)} H u (to)-*G> L 
ft^o " V 

QLH u {t ) i B u Q R U u (r,t)<>(HL(to) i A ul )^ . (4.50) 

We take the limit in (|4.50|1 inside the trace per unit volume, using (|4.40|) . Re- 
member that = i? w (i) _ ^©L, and note the following reformulation of 
dHH) in Theorem O 

idtH(to)-$U(t, 8)H(to)-$ = (H(t)?H{t )-5)*H(t)iu(t, s)H(t )-?. (4.51) 
(I4.50P is now equal to: 

= T ( (H u (t ) * (t ) " * ) * (t ) ' U w (t, r)H„ (t ) - ' Q L 

QMto^B^ Q R U u {r,t) o {H L {to) h 4,)*) (4.52) 

= T (H u (t)$U(t,r)(B u ) o (H L {t )iA u )* Q R (H u (t)iH u (t )-?)*) (4.53) 

= T (n L (t) h U(t,r){B u ) o (W £ (i)M w )*) (4.54) 

= ({H L {t)iA u ,H L (t) i U(t,r)(B UJ ))) , (4.55) 

where the equality in (|4.53|) is due to (|4.39|) . and to go from (|4.53|) to (|4.54|l . we 
used the fact that 

H^{t )-^ Q L C u = H L (t )~^C u G Q (0) with C w := Hl^K G /C 2 . (4.56) 
Indeed, this shows (|4.54p since 

c* ©A (H u (t)^H u (t )-?y = (H u (t)$H u (to)-t G L c w )* = a* (4.57) 

by (OBI . ijOHjl . and ijOSjl . 
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Repeating the above arguments, one can also show that 

lim U(A u ,U u O L B u Gii(U u (r,t + h)-U u (r,t)))) (4.58) 

h— >0 tl 

= -((H L (t)*U„(Bl), H L (t)i AD). 

With (j435]) and l|4"3g]) . we get g33J). 

The equality (|4.44p now follows from (|4.43|) . Indeed, for all B w G /C 2 

«4,,,W(f,r)(fl w )» = ((Adj 0iB u fl ^(r,t)» 
= «(B W 0« (U u (r,t) QlAu)*)) 

= ((Bl {U u (r,t)(A u )}i}) = ^^ t ){AJ), B u )) . (4.59) 
Hence, (|4.43|) gives us 



idr((B kl ,U(t,r)(A 0J )))=idr((U(r,t)(B u ), A u )) = -»0r«A,,W(r,f)(B w )» 



= -UiA^MirMB^)) = -KifA{r,t){B u ),AJ). (4.60) 

□ 

5. The generalized Liouville equation 

Let be the ergodic magnetic Schrodinger operator in (|1 .3^ - (|1 .4[) . With the 
adiabatic switching of a spatially homogeneous electric field E, the system is de- 
scribed by the time-dependent Hamiltonian H^^t) as in p.7[) . By Theorem ll.2[ the 
quadratic form domain Q(H u) (t)) is independent of t. 

We fix an initial equilibrium state at t — — oo, for which we use the density 
matrix £ w . For physical applications, we take Q u = f(H u ) with / the Fermi-Dfrac 
distribution at inverse temperature (3 G (0,oo] and Fermi energy Ef G R, that is, 

f F (P,E F ) ._ 1 g <00 

[Pi F) ■= X(-oo,e f] (Hu) , = 00. 
The key hypotheses are that is real- valued, £ w > 0, and for k = 1, 2, • • • , d, 

[xk,C-] e£ 2 . (5.2) 

1 

which is implied by assumption (| 1 . 10|) . Note that it follows from (|5.1[) that C*> G 
i 

/Coo n AC2 (to see G AC 2 use also |BGKS[ Proposition 2.1]). In particular, we 

have Co G Q {0) - 

Recalling (|4.9[) . we set 

U*) = e(t)(C u ) = G(t)C-G(t)*, (5.3) 

and note that Cj(f) G in view of Propositions 14.21 and 14.31 

The density matrix g^{t) evolves formally by the Liouville equation (|1.9j) . Re- 
membering L t on Q(|L|) from (|4.33|) and (|4.42|) . we now state the following theorem, 
which generalizes Theorem II .31 

Theorem 5.1. There exists a unique Q(|L|) -valued function Q u (t), which solves 
the Liouville equation (|1.9p weakly in in the following sense: 

Vm t ^- 00 {{A u ,Q u {t)}} = {{A u ,S u }) 
for all A u GQ(°). 
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Moreover, the unique solution Quit) G Q^ ' for all t and is given by 
Q u (t)= lim U(t,s)(^) = lim U{t, s) (&,(*)) 

s — > — oo 



s — > — oo 



Ut) 



dre" r -W(t,r)([E.x,C,(r)]) 



(5.5) 
(5.6) 



Lemma 5.2. Let A w G Q(|L|). ITien, 

Lt(A,,C(*)) = 0. (5.7) 
Proof. Without loss of generality, let A u = and consider 

Ut) ■= Un L it))Ut) G V(H L (t)), (5.8) 

where / n be a sequence of measurable, bounded, and compactly supported functions 
such that /„ — > 5, the Dirac-delta function. 

Since H.Lit)Cuj(t) is self-adjoint, a simple calculation yields 

H iit (A w ,cL(t)) =M R!t (A u) ,(; u (t)), (5.9) 

which shows d57TI) with £,(*). However, by p~38l) . (j437)l . and (j440)) 

(<Wi(t)* A,, «£(*)*&(*)>) =^({W L (i)'A w } : toHL(0'/„(HLW)C t ,W) 

= r(/ n (w L (t)) [w £ (t)'C»(*)«{«i(t)^}*]) (5-io) 

^t(Hl(^C,Wo{Wl(^A4') = ((Wi(t)»A,,Wi(*)'C-(«)» 
as n —> oo. Similarly, one can also show 

«Wl(«)'£»(*),W£(*)*A;>) ^ «Hi(t)'C-(*),WL(*)'A;» (5-H) 
as ?i — > oo. Together with (|5. 10[) we have (|5.7p for all C^(i)- □ 

The following lemma plays a crucial role in proving Theorem 15. II 

Lemma 5.3. We have [E • x, G <2 (0) . 

iYoo/. We need to prove [E • x, C] H c C V{H^) and i?J [E • x, £ w ] G /C 2 - We will 



do this for ^ 
show that 

To show 



>(Sf) 



(b f ) 



since the other case is slightly easier. It also suffices to 



%j 5 PuJ 



is m Q(°) for each j = 1,2,..., d. 



H c C T>(H U *), we only need to verify xjP^^ip G V{H U ?) 

for all (p <E H c (since P^ F 'xj<p G V{H^) for all y> G 7< c ). Let rjN be a sequence 
of C^°(R) functions such that |?7jv | < 1 for all N and t)n = 1 for Xj G [-N, N] and 
decays to otherwise. Then, 



(JV) 



' := XjT)isi{xj) G Cq 



has the property that for all N, d x . 



assumption p.lO[) (which implies XjPi Ep ' 'xof G W), we have that as TV — > oo 



(5.12) 

< C for some fixed constant C. By 



(JV) „{E F ) i 



Xj >P 



T ■ P( Ef 



in W 



(5.13) 



for all (j> = xoP G H c 
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Recall H+ = H(A, V+) = D*D + V+ and note that T>x\ N) Pi Ep V is well-defined 



since 



DP, 



(E F ) 



BH u -iH u *P u 



< oo and 



Dxf } P.0 = } DP^V - (af 5 ) , (5.14) 

where 5k j is the vector consisting of 1 in the j'-th entry (i.e., when k = j) and 
elsewhere. Since x^ is compactly supported, V^XjPu P V is well-defined as 
well, and this shows xf^P u 4> G V(H + ^). 

(Ef) fJN)\' _ _d_JN) onA JN,M) = ^ x (N) _ x (M)^ 



Iii ([BTT5jl - ([BTTgjl . we use P u = PT F \ 
Given 6 € 7i c , note that 



(D 



(H. 



P^,I)xf^P u 



{x?^P^,V + xf^P„ 



(5.15) 
(5.16) 



ip u 4>,H + i (x^y p^) 



P^,D,x^' M) P^) (5.17) 



af ' M) ] P. 



(5.18) 



as iV, M —> oo. Here, C = sup^y M 

(N) p (E F ) 



(N,M) 



and equality in (]5 . 1 7[) is justi- 



fied by ()5.14j) . Thus, H + 2 x- ' P^ F '(j) is a Cauchy sequence in H, and its limit 

Iff?} 1 ( TP \ 

H+^XjPuj F 4> is in TL for a.e. ui. It also follows that H^XjP^ F 4> G W for a.e. u; 
by Theorem O 

Wc now turn to the claim ip 



E 



J*7S "Xo 



is in X^- For this, it sufhecs to verify 
<oo. (5.19) 



Let {4>n} be an orthonormal basis for xoH. By the arguments that led to (15.181) , 
we have 



E<! \\Hjx,Pi E ^xo 



(HSxjP^UnrHjxjP^Un) (5-20) 

n 

} 



V.P, {Ef) : 



XjPi EF) Xo 



which is bounded by (|1.10[) and the fact that H UJ Pi EF ' > and DjPu are in IC2 (see 
BGKSl Lemma 5.4]). Here, C is constant, and this completes the proof. □ 



With Lemmas 15.21 and 15.31 we now prove Theorem 15.11 
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Proof of Theorem \5.1\ By ()4.10|) and Proposition ^. 41 we first note that, given A u £ 
Q(°\ we have 

id s ((A„,U(t,s)(Us)))) 

= -L s (U(s,t)(A„),(u(s)) - ({A w ,U(t,s)([B{s) -x,C w (a)]))> (5.21) 
= -((A LJ ,U(t,s)(lE( S )-x,Us)}))), 

where the equality (|5.21|) comes from Lemma T5. 2 1 Hence, 

«A,,W(M)(C(s))» = ((Au,,Ut)))-i fdr((4,M((, r )([E(r).x,( u (r)]))) 

J s 

(5.22) 

which shows ()5.6j) . The second equality in (|5.5p follows from the strong continuity 
of G{t) . Since U(t 7 r) ([E • x, C^(s)]) € ^2 by (Tl~TU)l and Proposition OJ we have 

{{A u , Qu {t)))= lim «A,,W(t,«)(C(*))» 

S — * — OO 

= ((A„,Ut)))-i [ dr((A-,W(*,r)([E(r).x ) C(r)])». (5.23) 
We now claim that 

ff u (t)^((,r)([E(r)-x,C u (r)])6K 2 . (5.24) 

First, note that 

ff u (t)*W(t,r)([E(r)-x,Ur)]) 

= e' r -I (1) (t)^ u (i,r)ff u (r)-i 0l H u (r)*\E • x,C(r)] fl C/ W (r,i) (5.25) 
= e 1jr -W r „(* > r) © L £(r) f [ E . x, &]) ® R U u (r,t). 



Since Q(r) as in ()4.9|) is a unitary map on /C2, we have £(r) 2 [E • x, £ W ]J £ IC2 
by Lemma 15.31 Since W u (t, s) is uniformly bounded, (|5.24|) follows from Proposi- 
tion ED 

It also follows from (|5.24j) that 

f drH u (t)$U(t,r)(\E(r) eJC 2 , (5.26) 

where we used the Bochner integral above. Moreover, 



frH u {t)vU(t,r)(\E(r)-x,( u (r)])=H u (t)* / drU(t, r)([E(r) ■ x, &,(r)]) , 

(5.27) 

by a similar argument following |BGKS| Eq. (5.29)]. 
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We now continue from ()5.23|) . Recalling Proposition ^. 41 Lemma f5T2l (I4.10[) . and 
53}, letting A w G Q (0) we have 

idtdA^^Ut))) (5.28) 
= -((A*,, [E(t) • x, &,(*)]» + {{K, U(t,t)([E(t) ■ x, &(*)])» 

^ / dr{ift((A,,W(*,r)([E(r).x ) C(r)])»} 



t 

dr((^(<)^, r)([E(r)-x > C u (r)])» (5.29) 



— OO 

t 



+ i dr(( J ff a ,(i) I W(t,r)([E(r)-x,Ca,(r)]*) ! ^ w (t)'^t» (5.30) 

J — OO 

u(A*,-i [ drU(t,r)(\E(r)-x,C*(r)])) (5.31) 



= L t Cw(*) - i y dr«(t,r)([E(r)-x,C,(r)])J =L t (i4 w , (5.32) 

where to go from ([5T29]) - ([5T30|l to (jOT]) we used ([5726]) . (f5T27)l . and the definition 
of L t in (fOOl . 

Since -i /'^ drU(t, r)([E(r) -x,C w (r)]) G Q (0) by and (lOTl) . we can 

replace L t in (jOTj) - ((02")) with L t by (JUTTJ). This shows that given in ijBTB]) . 

is a solution to the Liouville equation (|5.4p (and (|1.34j) ) for all G (J^ * 1 . 

It remains to show the solution g u (t) is unique in /C2. Let v u (t) be a solution of 
(|5.4|) with £ w = 0, then it suffices to show that v w (i) = for all t. By (|4.59[) . which 
states that for A Ul B u G 

((A u M(t,r){B^))) = ((U( ri t){A u ),B u )) , (5.33) 
we have that for A u G Q (0) and ^(i) G Q(|L|), 

id t ((A u ,U{s, t)(v u (t)))) = -K(U{t, s)(A u ), «„(*)) + h r (U(t, s)(A u ), «„(*)) = 

(5.34) 

by Proposition 14.41 Hence, letting t = s, we conclude that for all A^ G Q^°\ 

«A,,W(M)M*))» = «)(«„(«))» = ««(*))> • (5-35) 

This shows w w (i))) = ((A w ,W(i, s)(w a) (s)))), and letting s — * —00 we see that 

= for all t and for all A w G Q (0) . Since Q(°) is dense in /C 2 , ^(i) = 0, 
and this completes the proof. □ 
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